Background {#Sec1}
==========

Genes collectively form the organism's genomes and can be viewed as "atomic" units whose evolutionary history forms a tree. The history of species, which is also a tree, and the history of their genes is intimately linked, since the gene trees evolve along the species tree. A detailed evolutionary scenario, therefore, consists of a gene tree, a species tree and a reconciliation map $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ that describes how the gene tree is embedded into the species tree.

A reconciliation map assigns vertices of the gene tree to the vertices or edges in the species in such a way that (partial) ancestor relations given by the genes are preserved by the map $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$. This gives rise to three important events that may act on the genes through evolution: *speciation*, *duplication*, and *horizontal gene transfer (HGT)* \[[@CR1], [@CR2]\]. Inner vertices of the species tree represent speciation events. Hence, vertices of the gene tree that are mapped to inner vertices in the species tree underlay a speciation event and are transmitted from the parent species into the daughter species. If two copies from a single ancestral gene are formed and reside in the same species, then a duplication event happened. Contrary, if one of the copies of a gene "jumps" into a different branch of the species tree, then a HGT event happened. The latter can be annotated in the gene tree by associating a label to the edge that points from the horizontal transfer event to the transferred copy \[[@CR3]--[@CR7]\]. Since both HGT and duplication events occur in between different speciation events, such vertices of the gene trees are usually mapped to the edges of the species tree. The events speciation, duplication, and HGT classify pairs of genes as orthologs, paralogs and xenologs, respectively \[[@CR2]\].

To some extent, these relations can be estimated directly from sequence data using a variety of algorithmic approaches that are based on the pairwise best match criterion \[[@CR8]--[@CR11]\] and hence do not require any *a priori* knowledge of the topology of either the gene tree or the species tree. Practical workflows for orthology assignment directly use pairwise best matches as an initial estimate of orthologous gene pairs. Many of the commonly used methods for orthology-identification, such as OrthoMCL \[[@CR12]\], ProteinOrtho \[[@CR13], [@CR14]\], OMA \[[@CR15]\], or eggNOG \[[@CR16]\], belong to this class, see also \[[@CR17], [@CR18]\]. While best match heuristics have been very successful as approximations of the orthology relation \[[@CR19], [@CR20]\], no comparable approach to extract the xenology relations directly from (dis)similarity data has been devised to-date. Nevertheless, there are several methods to detect xenologs in a genome that use sequence features rather than phylogenetic reconstructions, see e.g. \[[@CR21]--[@CR26]\].

Provided that such event-relations are available, one can infer the history of event-labeled gene trees without HGT \[[@CR27]--[@CR32]\] or with HGT \[[@CR5], [@CR7], [@CR33]\]. Moreover, depending on the quality and biological feasibility of the reconstructed event-labeled gene trees, a species trees can also be reconstructed \[[@CR3], [@CR34], [@CR35]\]. This line of research, in particular, has been very successful for the reconstruction of event-labeled gene trees and species trees based solely on the information of orthologous and paralogous gene pairs \[[@CR36]\]. Note that in practice, inferred event-relations are likely to contain errors. However, characterizing relations that correspond to a valid history is a crucial step in devising error-correction algorithms, as this may lead to practical heuristic approaches to modify noisy event-relations into valid ones.

In this paper, we assume that the gene tree *T* and the types of evolutionary events on *T* are known. For an event-labeled gene tree to be biologically feasible there must be a putative "true" history that can explain the inferred gene tree. However, in practice it is not possible to observe the entire evolutionary history as e.g. gene losses eradicate the entire information on parts of the history. Therefore, the problem of determining whether an event-labeled gene tree is biologically feasible is reduced to the problem of finding a valid reconciliation map, also known as DTL-scenario \[[@CR37]--[@CR39]\]. The aim is then to find the unknown species tree *S* and reconciliation map between *T* and *S*, if one exists. Not all event-labeled gene trees *T*, however, are biologically feasible in the sense that that there exists a species tree *S* such that *T* can be reconciled with *S*. In the absence of HGT, biologically feasibility can be characterized in terms of "informative" triplets (rooted binary trees on three leaves) that are displayed by the gene trees \[[@CR35]\]. In the presence of HGT, such triplets give at least necessary conditions for a gene tree being biologically feasible \[[@CR3]\].

A particular difficulty that occurs in the presence of HGT is that gene trees with HGT must be mapped to species trees only in such a way that genes do not travel back in time. To be more precise, the ancestor ordering of the vertices in a species tree give rise to a relative timing information of the species within the species trees. Within this context, speciation and duplication events can be considered as a vertical evolution, that is, the genetic material is transferred "forward in time". In contrast, HGT literally yield horizontal evolution, that is, genetic material is transferred such that a gene and its transferred copy coexist. Nøjgaard et al. \[[@CR4]\] introduced an axiomatic framework for time-consistent reconciliation maps and characterize for given event-labeled gene trees *T* and a *given* species tree *S* whether there exists a time-consistent reconciliation map or not. This characterization resulted in an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(|V|\log |W|)$$\end{document}$-time algorithm to construct a time-consistent reconciliation map if one exists, where *V* and *W* are the vertex sets of *T* and *S*, respectively.

However, one of the crucial open questions that were left open within this context is as follows: *For a given event-labeled gene tree that contains speciation and duplication vertices and HGT edges, does there exist a polynomial-time algorithm to reconstruct the*unknown*species tree together with a time-consistent reconciliation map, if one exists?*

In this contribution, we show that the answer to this problem is affirmative and provide an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^3)$$\end{document}$ time algorithm, with *n* being the number of leaves of *T*, that allows us to verify whether there is a time-consistent species *S* for the event-labeled gene tree and, in the affirmative case, to construct *S*.

We note in passing that there could be exponentially many species trees, for each of them there may be a time-consistent reconciliation map or not for a given event-labeled gene tree. Moreover, many types of reconciliation problems become NP-hard as soon as HGT and time-consistency are involved, see e.g. \[[@CR37], [@CR40]--[@CR46]\]. In contrast, we show that the problem of finding a time-consistent species tree for a given event-labeled gene tree can be solved in polynomial-time.

This paper is organized as follows. We first provide a short survey of preliminary results that have been establised so far and therein, provide the concepts and basic notation we need including important results on gene and species tree, reconciliation maps and time-consistency. We then proceed in Section \"[Gene tree consistency](#Sec7){ref-type="sec"}\" (GTC) to formally introduce the problem of finding a time-consistent species for a given event-labeled gene tree. As a main result, we will see that it suffices to start with a fully unresolved species tree that can then be stepwisely extended to a binary species tree to obtain a solution to the GTC problem, provided a solution exists. In Section \"[An algorithm for the GTC problem](#Sec8){ref-type="sec"}\", we provide a solution to the GTC problem. For the design of this algorithm, we will utilize an auxiliary directed graph $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$ based on a given event-labeled gene tree *T* and a given species tree *S*. This type of graph was established in \[[@CR4]\]. The authors showed that there is time-consistent map between *T* and *S* if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$ is acyclic. Our algorithm either reconstructs a species tree *S* based on the informative triplets that are displayed by the gene trees and that makes this graph $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$ eventually acyclic or that returns that no solution exists. The strategy of our algorithm is to construct $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$ starting with *S* being a fully unresolved species tree and stepwisely resolve this tree in a way that it "agrees" with the informative triplets and reduces the cycles in $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$.

Since the material is rather extensive (many of the proofs use elementary graph theory but are very technical) we subdivided the presentation in a main narrative text explaining the main results and a second technical part (see Appendix: "[Proof of results](#Sec12){ref-type="sec"}") collecting the proofs of the main results as well as additional technical results.

Short survey of existing results {#Sec2}
================================

Notation and basic definitions {#Sec3}
------------------------------

Unless stated otherwise, all graphs in this work are assumed to be directed without explicit mention. For a graph *G*, the subgraph induced by $\documentclass[12pt]{minimal}
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                \begin{document}$$X \subseteq V(G)$$\end{document}$ is denoted *G*\[*X*\]. For a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \subseteq V(G)$$\end{document}$, we write $\documentclass[12pt]{minimal}
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                \begin{document}$$G - Q = G[V(G) \setminus Q]$$\end{document}$. We will write (*a*, *b*) and *ab* for the edges that link $\documentclass[12pt]{minimal}
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                \begin{document}$$a,b\in V(G)$$\end{document}$ of directed, resp., undirected graphs.

All trees in this work are rooted and edges are directed away from the root. Given a tree *T*, a vertex $\documentclass[12pt]{minimal}
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                \begin{document}$$v \in V(T)$$\end{document}$ is a *leaf* if *v* has out-degree 0, and an *internal vertex* otherwise. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$L(T)$$\end{document}$ to denote the set of leaves of *T*. A *star tree* is a tree with only one internal vertex that is adjacent to the leaves.
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                \begin{document}$$x \preceq _{T} y$$\end{document}$ if *y* lies on the unique path from the root to *x*, in which case *y* is called an ancestor of *x* and *x* is called a descendant of *y*. We may also write $\documentclass[12pt]{minimal}
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                \begin{document}$$x \preceq _{T} y$$\end{document}$. We use $\documentclass[12pt]{minimal}
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                \begin{document}$$x \prec _T y$$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$x \preceq _{T} y$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$x \ne y$$\end{document}$. In the latter case, *y* is a *strict ancestor* of *x*. If $\documentclass[12pt]{minimal}
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                \begin{document}$$x \preceq _{T} y$$\end{document}$ or $\documentclass[12pt]{minimal}
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                \begin{document}$$y \preceq _{T} x$$\end{document}$ the vertices *x* and *y* are *comparable* and, otherwise, *incomparable*. If (*x*, *y*) is an edge in *T*, and thus, $\documentclass[12pt]{minimal}
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                \begin{document}$$y \prec _{T} x$$\end{document}$, then *x* is the *parent* of *y* and *y* the *child* of *x*. We denote with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {ch}(x)$$\end{document}$ the set of all children of *x*. It will be convenient for the discussion below to extend the ancestor relation $\documentclass[12pt]{minimal}
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                \begin{document}$$\preceq _T$$\end{document}$ on *V* to the union of the edge and vertex sets of *T*. More precisely, for a vertex $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in V(T)$$\end{document}$ and an edge $\documentclass[12pt]{minimal}
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                \begin{document}$$e=(u,v)\in E(T)$$\end{document}$ we put $\documentclass[12pt]{minimal}
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                \begin{document}$$x \prec _T e$$\end{document}$ if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$x\preceq _T v$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$e \prec _T x$$\end{document}$ if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$u\preceq _T x$$\end{document}$. For edges $\documentclass[12pt]{minimal}
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                \begin{document}$$e=(u,v)$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$f=(a,b)$$\end{document}$ in *T* we put $\documentclass[12pt]{minimal}
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                \begin{document}$$e\preceq _T f$$\end{document}$ if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$v \preceq _T b$$\end{document}$.
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                \begin{document}$$X \subseteq V(T)$$\end{document}$, the *lowest common ancestor* $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {lca}}_{T}(X)$$\end{document}$ is the unique $\documentclass[12pt]{minimal}
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                \begin{document}$$\preceq _T$$\end{document}$-minimal vertex that is an ancestor of all vertices in *X* in *T*. For simplicity, we often write $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {lca}}_T(\{x,y\})$$\end{document}$.

A vertex is *binary* if it has 2 children, and *T* is *binary* if all its internal vertices are binary. A *cherry* is an internal vertex whose children are all leaves (note that a cherry may have more than two children). A tree *T* is *almost binary* if its only non-binary vertices are cherries. For $\documentclass[12pt]{minimal}
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                \begin{document}$$v \in V(T)$$\end{document}$, we write *T*(*v*) to denote the subtree of *T* rooted at *v* (i.e. the tree induced by *v* and its descendants).

A *rooted triplet*, or *triplet* for short, is a binary tree with three leaves. We write *ab*\|*c* to denote the unique triplet on leaf set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{a,b,c\}$$\end{document}$ in which the root is $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {lca}}(a,c) = {\text {lca}}(b,c)$$\end{document}$. We say that a tree *T* *displays* a triplet *ab*\|*c* if $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {lca}}_T(a, b) \prec {\text {lca}}_T(a,c) = {\text {lca}}_T(b,c)$$\end{document}$. We write *rt*(*T*) to denote the set of rooted triplets that *T* displays. Given a set of triplets *R*, we say that *T* *displays* *R* if $\documentclass[12pt]{minimal}
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                \begin{document}$$R \subseteq rt(T)$$\end{document}$. A set of triplets *R* is *compatible*, if there is a tree that displays *R*. We also say that *T* *agrees* with *R* if, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$bc|a \notin rt(T)$$\end{document}$.

### Remark 1 {#FPar1}

The term "agree" is more general than the term "display" and "compatible", i.e., if *T* displays *R* (and thus, *R* is compatible), then *T* must agree with *R*. The converse, however, is not always true. To see this, consider the star tree *T* , i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$rt(T) = \emptyset$$\end{document}$, and let $\documentclass[12pt]{minimal}
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                \begin{document}$$R=\{ab|c,bc|a\}$$\end{document}$. It is easy to verify that *R* is incompatible since there cannot be any tree that displays both triplets in *R*. However, the set *R* agrees with *T*.
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                \begin{document}$$T=(V,E)$$\end{document}$ from which particular edges are removed. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {E}_T \subseteq E$$\end{document}$ and consider the forest $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mathcal {\overline{E}}}{:}{=}(V,E\setminus \mathcal {E}_T)$$\end{document}$. We can preserve the order $\documentclass[12pt]{minimal}
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                \begin{document}$$\preceq _T$$\end{document}$ for all vertices within one connected component of $\documentclass[12pt]{minimal}
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                \begin{document}$$\preceq _{T_{\mathcal {\overline{E}}}}$$\end{document}$ as follows: $\documentclass[12pt]{minimal}
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                \begin{document}$$x\preceq _{T}y$$\end{document}$ and *x*, *y* are in same connected component of $\documentclass[12pt]{minimal}
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Gene and species trees {#Sec4}
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In what follows we will only consider labeled gene trees $\documentclass[12pt]{minimal}
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These conditions are also called "observability-axioms" and are exhaustively discussed in \[[@CR3]\] and \[[@CR4]\]. We repeat here shortly the arguments to justify Condition (O1--O3). Usually the considered labeled gene trees are obtained from genomic sequence data. Condition (O1) ensures that every inner vertex leaves a historical trace in the sense that there are at least two children that have survived. If this were not the case, we would have no evidence that vertex *v* ever exist. Condition (O2) ensures that for an HGT event a historical trace remains of both the transferred and the non-transferred copy. Furthermore, there is no clear evidence for a speciation vertex *v* if it does not "separate" lineages, which is ensured by Condition (O3.a). Finally (O3.b) is a simple consequence of the fact that if a transfer edge (*x*, *y*) in the gene tree occurred, then the species *X* and *Y* that contain *x* and *y*, respectively, cannot be ancestors of each other, as otherwise, the species *X* and *Y* would not coexist (cf. \[[@CR4], Prop. 1\]).

We emphasize that Lemma [1](#FPar14){ref-type="sec"} in \[[@CR4]\] states that the leaf set $\documentclass[12pt]{minimal}
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### Remark 2 {#FPar2}

In what follows we always assume that a species tree satisfies (O1). This condition is used to ensure that every species tree is a so-called *phylogenetic* tree \[[@CR47]\].

However, as it is possible that gene duplications and losses predate the first speciation event, we may model the species tree *S* as a *planted* tree, that is, there is an additional vertex $\documentclass[12pt]{minimal}
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By slight abuse of notation and to keep the upcoming proofs simple, we still call $\documentclass[12pt]{minimal}
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Reconciliation maps and speciation triplets {#Sec5}
-------------------------------------------

The "embedding" of the gene tree into the species tree is formalized by a *reconciliation map from* $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar4}
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### Definition 2 {#FPar5}
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### Remark 3 {#FPar6}
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### Definition 3 {#FPar7}
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### Definition 4 {#FPar8}
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Auxiliary graph construction {#Sec6}
----------------------------

When the species tree is known, one can efficiently determine whether a time-consistent map for a given gene *G* and species tree *S* exists. We will use an auxiliary graph as defined in \[[@CR4]\], and will investigate the structure of this graph in the remaining part of this section. Intuitively, this graph exhibits timing information between genes and species. That is, the gene tree events allow us to determine constraints of the form "*x* must have existed before *y*", and each such constraint is represented by an arc from *x* to *y*. As it turns out, the absence of cycles in the resulting graph is necessary and sufficient to determine the existence of a time-consistent map for a given event-labeled gene tree and a given species tree.
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Since we do not want to restrict ourselves to the existence of a reconciliation map (a necessary condition is provided by Theorem [1](#FPar4){ref-type="sec"}) we generalized the definition of $\documentclass[12pt]{minimal}
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For later reference, we summarize the latter observations in the following remark.

### Remark 4 {#FPar9}
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### Theorem 2 {#FPar10}
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                \begin{document}$$(T;t,\sigma )$$\end{document}$*be a labeled gene tree and* *S* *be a species tree. Then* *T* *admits a time-consistent reconciliation map with* *S* *if and only if* *S* *displays every triplet of* $\documentclass[12pt]{minimal}
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*Recognition and reconstruction of a time-consistent reconciliation map can then be done in* $\documentclass[12pt]{minimal}
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In Appendix: \"[Lemma 3 and Proof of Lemma 1](#Sec13){ref-type="sec"}\", we provide Lemma [3](#FPar34){ref-type="sec"} that is rather technical, but essentially implies the following

### Remark 5 {#FPar11}

If *S* has a leaf that forms a self-loop in $\documentclass[12pt]{minimal}
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                \begin{document}$$A({T},{S})$$\end{document}$, then we may immediately discard *S* as it cannot have a solution (since any refinement will have this self-loop). For the rest of the section, we will therefore assume that no leaf of *S* belongs to a self-loop.

Gene tree consistency {#Sec7}
=====================

The main question of interest of this work is to determine whether a species tree *S* exists at all for a labeled gene tree *T*. Here, we solve a slightly more general problem: the one of refining a given almost binary species tree *S* so that *T* can be reconciled with it. The idea of our approach is to refine *S* in a step-wise manner using *extension* moves, as defined below.

Definition 5 {#FPar12}
------------
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The gene tree consistency (GTC) problem:
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Question: Does there exist a refinement $\documentclass[12pt]{minimal}
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It is easy to see that the problem of determining the existence of a species tree *S* that displays $\documentclass[12pt]{minimal}
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Definition 6 {#FPar13}
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We first show that, as a particular case of the following lemma, one can restrict the search to binary species trees (even if *T* is non-binary).
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Proof {#FPar15}
-----
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Proposition 1 {#FPar16}
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-----
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An algorithm for the GTC problem {#Sec8}
================================

We need to introduce a few more concepts before describing our algorithm. For a sequence $\documentclass[12pt]{minimal}
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The motivation to consider partial and maximal topological sorts is as follows: To find a solution $\documentclass[12pt]{minimal}
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Our algorithm will make use of what we call a *good split refinement*. To this end, we provide first.

Definition 7 {#FPar18}
------------

(*Split refinement*)
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We will discuss later the question of finding a good split refinement efficiently, if one exists. For now, assume that this can be done in polynomial time. The pseudocode for a high-level algorithm for solving the GTC problem is provided in Alg. 1. We note in passing that this algorithm serves mainly as a scaffold to provide the correctness proofs that are needed for the main Alg. 2.
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The following result shows that if we reach a situation where there is no good split refinement for an GTC instance, then no solution exits at all.

Proposition 2 {#FPar20}
-------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$((T;t,\sigma ), S)$$\end{document}$*be a GTC instance such that* *S* *is not binary and does not admit a good split refinement. Then,* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$((T;t,\sigma ), S)$$\end{document}$*does not admit a solution.*

Proof {#FPar21}
-----

See Appendix: \"[Proof of proposition](#Sec15){ref-type="sec"}\". $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$
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Finding a good split refinement {#Sec9}
-------------------------------

To find a good split refinement, if any, we can loop through each cherry *x* and ask "is there a good split refinement at *x*"? Clearly, every partition $\documentclass[12pt]{minimal}
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We define now the new auxiliary graph to determine whether the cherry *x* of *S* admits a good split refinement or not.

### Definition 9 {#FPar26}
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Intuitively, edges represent pairs of species that must belong to the same part of a split refinement at *x*. That is, (C1) links species that would contradict a triplet of $\documentclass[12pt]{minimal}
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### Definition 10 {#FPar27}

Given an undirected graph *H*, we say that (*A*, *B*) is a *disconnected bipartition* of *H* if $\documentclass[12pt]{minimal}
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We are now in the position to state how good split refinements can be identified. Note, we may assume w.l.o.g. that *S* agrees with $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar28}

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$((T; t, \sigma ), S)$$\end{document}$*be a GTC instance, and assume that* *S* *agrees with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}(T; t, \sigma )$$\end{document}$. *Let* *Q* *be a maximal topological sort of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A({T},{S})$$\end{document}$. *Then there exists a good split refinement of* *S* *if and only if there exists a cherry x of S such that every strict ancestor of* *x* *in* *S* *is in* *Q*, *and such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G((T; t, \sigma ), S, x)$$\end{document}$*is disconnected.*

*In particular, for any disconnected bipartition* (*A*, *B*) *of* *G*, *the split refinement that partitions the children of* *x* *into* *A* *and* *B* *is a good split refinement.*

### Proof {#FPar29}

See Appendix: \"[Proof of Theorem](#Sec17){ref-type="sec"}\". $\documentclass[12pt]{minimal}
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The GTC algorithm {#Sec10}
-----------------

We can finally describe the detailed algorithm for the GTC problem, see also Fig. [3](#Fig3){ref-type="fig"}.Fig. 3Top right: the gene tree $\documentclass[12pt]{minimal}
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A pseudocode to compute a time-consistent species for a given event-labeled gene tree $\documentclass[12pt]{minimal}
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To show that this algorithm runs in $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar30}
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### Proof {#FPar31}

See Appendix: \"[Proof of Lemma](#Sec16){ref-type="sec"}\". $\documentclass[12pt]{minimal}
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We note that it is not too difficult to show that Algorithm 2 can be implemented to take time $\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar32}

*Algorithm* 2 *correctly computes a time-consistent binary species tree for* $\documentclass[12pt]{minimal}
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### Proof {#FPar33}

See Appendix: [Proof of Theorem](#Sec19){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Summary and outlook {#Sec11}
===================

Here, we considered event-labeled gene trees $\documentclass[12pt]{minimal}
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This approach may have further consequence in phylogenomics. Since event-labeled gene trees $\documentclass[12pt]{minimal}
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We note that the constructed binary species tree is one of possibly exponentially many other time-consistent species trees for $\documentclass[12pt]{minimal}
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As part of further work, it may be of interest to understand in more detail, if our approach can be used to efficiently list all valid (possibly exponentially many) solutions, that is, all time-consistent species trees for $\documentclass[12pt]{minimal}
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Appendix A: Proof of results {#Sec12}
============================

A.1 Lemma [3](#FPar34){ref-type="sec"} and Proof of Lemma [1](#FPar14){ref-type="sec"} {#Sec13}
--------------------------------------------------------------------------------------
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### Lemma 3 {#FPar37}
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### Proof {#FPar38}
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We are now in the position to prove Lemma [1](#FPar14){ref-type="sec"}.

### Proof of Lemma [1](#FPar14){ref-type="sec"} {#FPar39}
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A.2 Properties of maximal topological sort and Lemma [4](#FPar37){ref-type="sec"} {#Sec14}
---------------------------------------------------------------------------------

### Lemma 4 {#FPar40}
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A maximal topological sort of *G* can be found by applying the following procedure: start with *Q* empty, and while there is a vertex of in-degree 0 in $\documentclass[12pt]{minimal}
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A.3 Proof of proposition [2](#FPar20){ref-type="sec"} {#Sec15}
-----------------------------------------------------

We prove some general-purpose statements first. Let $\documentclass[12pt]{minimal}
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### Lemma 5 {#FPar42}
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### Proof {#FPar43}
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It remains to consider A1- and A3-edges. We translate here Property (P2.a) as in the proof of Lemma [1](#FPar14){ref-type="sec"}. It states as a particular case that for $\documentclass[12pt]{minimal}
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We are now in the position to prove Prop.  [2](#FPar20){ref-type="sec"}.

### Proof of Prop. [2](#FPar20){ref-type="sec"} {#FPar44}
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We prove the analogous statement for the species tree vertices.
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A.4 Proof of Theorem [3](#FPar22){ref-type="sec"} {#Sec16}
-------------------------------------------------

First, we provide the following lemma for later reference.

### Lemma 6 {#FPar45}
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### Proof {#FPar46}
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We are now in the position to prove Theorem [3](#FPar22){ref-type="sec"}.

### Proof of Theorem [3](#FPar22){ref-type="sec"} {#FPar47}
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A.5 Proof of Theorem [5](#FPar28){ref-type="sec"} {#Sec17}
-------------------------------------------------

Before proving Theorem [5](#FPar28){ref-type="sec"}, we provide a result that shows how maximal topological sorts and strict ancestors of vertices in *S* are related w.r.t. split refinements of *S*.

### Lemma 7 {#FPar48}
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In what follows, when we ask whether a fixed *x* admits a good split refinement, we can first check whether all of its ancestors are in *Q*, where *Q* is a maximal topological sort of $\documentclass[12pt]{minimal}
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Otherwise, we investigate *x* further.

We are now in a position to prove Theorem [5](#FPar28){ref-type="sec"}.

### Proof of Theorem [5](#FPar28){ref-type="sec"} {#FPar50}
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A.7 Proof of Theorem [6](#FPar32){ref-type="sec"} {#Sec19}
-------------------------------------------------

### Proof of Theorem [6](#FPar32){ref-type="sec"} {#FPar52}

We first prove the correctness of the algorithm. Algorithm 2 takes as input a labeled gene tree $\documentclass[12pt]{minimal}
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